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INTRODUCTION

In natural environment, there is spatial imbalance in distribution of natural 

substances in terms of concentration. However, eventually any differences in 

concentration at separate locations will naturally be levelled off in time. This 

natural phenomenon is known as diffusion. Diffusion from the physical point 

of view is basically the result of random movement of molecule. This random 

movement is a function of temperature, and hence, increasing temperature would 

increase the speed of random movement. 

 Mass flux rate (kg s-1) through a unit area (m2) due to molecular diffusion is 

correlated to concentration gradient with a constant D that is known as diffusion 

coefficient (m2 s-1). This relationship is described by first Fick’s law as follows 

(Demonico and Schwartz, 1990):
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         (1)

where x  is the horizontal distance (m), F is the mass flux rate per unit area (kg m-2 

s-1) and C is solute concentration (kg m-3). 

 The transport of a chemical substance from a higher concentration to 

lower concentration region is a continuous process. Hence, the difference of 

concentration between locations will also vary with time. This suggests that 

Eq. (1) only modelled diffusion mechanism at a specific time. In order to model 

diffusion for both distant and time, second Fick’s law was used as follows (Appelo 

and Postma, 2005):

        (2)

where t  is for time (s).

 Diffusion is one of the few important mechanisms in governing contaminant 

transport in groundwater. For instance, there are mechanical dispersion, 

degradation, adsorption, and advection. In groundwater modelling software, for 

example, SUTRA program on solute transport in subsurface system employed 

diffusion as a constant input parameter (Voss and Provost 2003). Diffusion is 

influenced by various factors such as water content, compaction on soils, porosity 

distribution, types of chemical substance (hydrophilic, hydrophobic, anion, cation, 

etc), and tortuosity (Mott and Weber 1991; Shackelford and Daniel 1991; Myrand 

et al. 1992; Cotten et al. 1998). The current work was limited to spatial and time 

factors, which was based on Eq. (2).

 Arsenic pollution in the groundwater of east and west Bengal is a well-

known problem. Study from Islam et al. (2004) had shown that simultaneous 

organic carbon oxidation and reduction of arsenic-bearing Fe(III) compounds 

may be implicated with the release of arsenic from sediment to groundwater. The 

availability of organic matter either from surface-derived infiltration or naturally 

embedded in sediment with a slow release from sediment, or a combination of 

both has an important implication in the management of arsenic contamination 

in groundwater. In this context, diffusion coefficient has an important practical 

contribution on the movement of organic mass from sediment or ground surface 

into groundwater. 

 The objectives of this work were to: (1) solve second Fick’s law using 

polynomial equations; and (2) illustrate and classify diffusion phenomenon into 

different types of Concentration (C)-Distant (x) relation. In this study, molasses 

was used as a representation of natural organic matter. Molasses-induced arsenic 

in groundwater was observed in the work of Harvey et al. (2002) in east Bengal. 

Other workers chose to use acetate to induce arsenic release from sediment (Van 

Geen et al. 2004; Coker et al. 2006; Lear et al. 2007).
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MATERIALS AND METHODS

Experimental Setting 

Sand was collected from a seaside of Kuala Terengganu, Terengganu, Malaysia, 

and the sand was subjected to a sieving machine in which it consisted of sieve sizes 

ranging from 0.063 μm to 4.0 mm. Sand ranging from 0.43 to 2.0 mm (medium 

to very coarse sand, respectively) was chosen to allow reasonable measurement 

of solute diffusion process in the timeframe of laboratory experimentation. This 

is because smaller sand size would decrease the diffusion process which would 

eventually require a longer period of experimentation, and vice versa for a larger 

sand size. A diffusion testing model was constructed as shown in Fig. 1. A basin 

of 36 cm was filled with 6 cm depth of sand and then, filled with demineralised 

water until it was slightly above the surface of sand. Dissolved organic carbon 

(DOC) was represented by molasses (C
6
H

12
NNaO

3
S) and was prepared to a 

concentration of 30 mg L-1. The DOC was injected into the sand at 3 cm below 

the water table in the middle of the basin. For every 15 minutes, water sample 

was collected at 3 cm depth from horizontal distance of 3, 6, 9, and 12 cm from 

the injection point. The concentration of DOC was measured with a TOC-V
CPH

 

Shimadzu Analyzer in triplicates. An average value was calculated and was used 

for graphical illustration as well as the determination of diffusion coefficients in 

first and second Fick’s law.

Fig. 1: A diffusion model testing unit on porous medium.

Mathematical Solution to the Diffusion Coefficient of the First Fick’s Law

Diffusion coefficient was calculated at discrete location from 6 to 12 cm (distant 

from the injection point) and at discrete time from 15 to 105 minutes. To calculate 

diffusion coefficient (D), Eq. (1) can be rearranged into the following form:
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      (4)
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where: 
11 ,txC   is the concentration (mg L-1) at x

1
  distance from injection point at 

time t
1
 ; 

12 ,txC  is the concentration (mg L-1) at x
2
  distance from injection point at 

time t
1
 ; 

22 ,txC  is the concentration (mg L-1) at x
2
  distance from injection point at 

time t
2
 ; and   and  x

1
 < x

2
 and t

1
 < t

2

 Eq. (4) was proposed to approximate Eq. (3), and it can be reduced to Eq. (5). 

From Eq. (4), its numerator denotes mass flux rate per unit area and denominator 

denotes concentration gradient. The numerator was derived from the following 

equation:   

where: 
.

m , mass flux rate, kg s-1 (      = m /t); V, volume of water, m3 (V = Ax); C, 

solute concentration, kg m-3 (C = m/V). Eq. (5) was used to calculated diffusion 

coefficient of molasses at specific time.

Mathematical Solution to the Diffusion Coefficient of the Second Fick’s Law

Diffusion coefficient of second Fick’s law was calculated at discrete location from 

3 to 12 cm and at discrete time from 0 to 120 minutes. Polynomial equations were 

used to correlate concentration (C) of DOC with time (t) and DOC travel distant 

(x) as shown below:

     (6)

      

    (7)

 

where: a
t
, a

x
, b

t
, b

x
, c

t
, c

x
, d

t
, d

x
, e

t
, and f

t
  are coefficients of polynomial equations. 

The fitted curves and standard deviation on experimental data are shown in Figs. 

2(a) and 2(b), respectively, generated from Eqs. (6) and (7). 

 In order to avoid a possible unwanted generation of “bump” in the curve 

prediction, linear interpolation between experimental data was carried out to 

estimate data points and these data were used in the curve-fitting, as shown in 

Figs. 2(a) and 2(b).  
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Fig. 2: Curve-fitting results: (a) the correlation between concentration (C) and time 

(t) which has the lowest R2 from 0.936. The plotted DOC data in-between 0, 15, 30, 

45, 60, 75, 90, 105 and 120 min were generated from linear interpolation; and (b) the 

correlation between concentration (C) and distant (x) which has the lowest R2 from 

0.934. The plotted DOC data in-between 0.03, 0.06, 0.09 and 0.12 m were generated 

from linear interpolation.

 Note that a minimum requirement of estimation on any equation parameters 

is to have a number of experimental data equal or more than the number of 

parameter required to be estimated from proposed equation. In the current study, 
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Eq. (6) with six equation parameters was estimated by nine experimental data 

and combined fitted to additional twenty four interpolated data, and Eq. (7) with 

four parameters was estimated by four experimental data and combined fitted to 

additional nine interpolated data. Hence, the orders of polynomial used in the 

study are considered reasonable. 

 By taking the derivative of  C with respect to t , and second derivative of C  

with respect to x, they become the following forms:

           (8)

  

       (9)

 The diffusion coefficient of second Fick’s law can be solved by rearranging 

Eq. (2) and then, employ solution from Eqs. (8) and (9). The solution is shown 

below:

          

       (10)

   

  

     (11)

 

 Eq. (11) is not intended as an ultimate analytical equation in solving for 

the diffusion coefficient of second Fick’s law, but it was rather proposed as one 

of the easiest and practical solution in achieving the first objective of the current 

work.

 

RESULTS AND DISCUSSION

DOC Diffusion in Space and Time

Immediately after the injection of DOC (molasses) into the middle of the basin 

in which it was filled with sand and demineralised water, there was a distinctive 

region of high and low (or very low) DOC concentration. As time increased, DOC 

became increasingly uniform throughout the system (Fig. 3). 

 The concentration of DOC reached its peak at 3 cm in its first 30 minutes. 

It was detected as 29.7 mg L-1 which approximates the original injected DOC 

concentration. A gradual decrease of DOC concentration was observed after 30 

minutes, which was mainly due to the spread and diffusion of DOC throughout 

the medium/system. After 90 minutes, the DOC concentration has started to show 

a gradual increase for most locations and it was approaching stabilization at 120 

minutes (see Fig. 2(a)). 
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 Overall, diffusion had created regions in which there were the highest 

and the lowest concentration regions of DOC. However, after a longer time of 

diffusion (approximately at 120 minutes), a levelling off of DOC concentration 

for all locations was observed which ranged from 3.8 to 4.9 mg L-1 with a 

standard deviation of 0.5 mg L-1. At this region the system was approximating a 

homogenous DOC concentration distribution. Further evaluation was carried out 

with the determination of diffusion coefficient from the first and second Fick’s 

law.

Fig. 3: Concentration of molasses in porous medium in space and time.

Fig. 4. Diffusion coefficient of molasses in porous medium in space and time which was 

calculated from first Fick’s law.
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Diffusion Coefficient of the First Fick’s Law

Diffusion coefficient determined from the first Fick’s law can be broadly 

categorized into those of positive and negative values. A positive value of the 

diffusion coefficient is referring to DOC flux that is diffusing away from the 

injection point, and the DOC concentration is increasing with increasing time. 

A positive value could also be given by DOC flux that is diffusing towards 

injection point, and the DOC concentration is decreasing with increasing time. A 

negative diffusion coefficient indicates DOC flux that is diffusing away from the 

injection point, and the DOC concentration is decreasing with increasing time. 

Alternatively, negative diffusion coefficient could also indicate DOC flux that is 

diffusing towards the injection point, and the DOC concentration is increasing 

with increasing time. 

 It is observed that within the two hours of diffusion, the initial and the last 

15 minutes have given positive values of diffusion coefficients (Fig. 4), whereas 

in between it was dominated by negative diffusion coefficients. At 12 cm and 30 

minutes, a large magnitude of negative diffusion coefficient was found as - 6.6 x 

10-5 m2 s-1. This is because of a smaller concentration gradient that was required to 

cause a larger amount of DOC flux, which could be due to the non-homogeneous 

distribution of sand. The following diffusion coefficients of D
12cm,75mins

, D
9cm,90mins

 

and D
6cm,90mins 

where a sudden change of sign in diffusion coefficients was indicated. 

This was due to a change in solute mass accumulation from DOC concentration 

that decreases with increasing time to DOC concentration which increases with 

increasing time. Diffusion at 12 cm and 90 minutes was a result of reversal in 

solute mass transport direction that was diverted from DOC flux which diffuses 

away from injection point to DOC flux which diffuses towards the injection 

point. 

Diffusion Coefficient of the Second Fick’s Law

Similar to first Fick’s law, the diffusion coefficient determined from second 

Fick’s law also can be broadly divided into those of positive and negative values. 

However, it has more characteristics than the diffusion coefficient of the first Fick’s 

law, and thus, it carries more information. As a result, four graphical illustration as 

shown in Fig. 5 is proposed to categorize the observation of experimental results. 

Since the second Fick’s law accounted for both space and time, the positive value 

of diffusion coefficient indicates an increasing DOC concentration with time, and 

DOC flux is diffusing either towards or away from injection point with C - x   

curve concaves upwards. Also, a positive value could indicate a decreasing DOC 

concentration with time, and DOC flux is diffusing either towards or away from 

injection point with C - x  curve concaves downwards. For negative value of 

diffusion coefficient, the DOC concentration is increasing with time, and DOC 

flux is diffusing either towards or away from injection point with C - x  curve 

concaves downwards. Alternatively, negative could be due to decreasing DOC 

concentration with time, and DOC flux is diffusing either towards or away from 

injection point with C - x  curve concaves upwards.
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Fig. 5: Types of  C - x  curve: (a) Decreasing DOC concentration with distant (concave 

upwards); (b) Increasing DOC concentration with distant (concave upwards); (c) 

Increasing DOC concentration with distant (concave downwards); and (d) Decreasing 

DOC concentration with distant (concave downwards).

 At the initial stage of diffusion, between 0 and 15 minutes, a large fluctuation 

of diffusion coefficients was observed from 3 to 12 cm (Fig. 6). This observation 

deviates from the diffusion coefficient that was determined from first Fick’s law. 

This could be explained by the method of calculation proposed in Eq. (5) in which 

its diffusion coefficient is subjected to the influence of adjacent concentration 

in subsequent time of diffusion. As a result, the estimated value was unable to 

illustrate a definite change of diffusion coefficient, and also subjected to limitation 

in the availability of experimental data.

 As shown in Fig. 6, the first 30 minutes of diffusion has given a positive 

diffusion coefficient, except at D
3cm,30mins

, D
9cm,0mins

 and D
12cm,0-30mins

. This region has 

shown a dominant increasing (or accumulating) DOC concentration with time, 

which was an indication of DOC flux from high concentration to low concentration 

regions. 

 The region from 45 to 90 minutes has diffusion coefficient in negative value, 

except at D
12cm,45-90mins

. This region was governed by diffusion in which its DOC 

concentration decreases with increasing time and the DOC flux was diffusing 

away from the injection point. A decreasing DOC concentration during diffusion 

is an indication of mass dispersion that would lead towards a homogenous DOC 

concentration. 

Molasses Diffusion in Sand
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Fig. 6: Diffusion coefficient of molasses in porous medium in space and time, calculated 

from second Fick’s law.

 From 105 to 120 minutes, it was found mainly positive diffusion coefficient, 

except at D
6cm,120mins

 and D
12cm,120mins

. Also, it has half of its DOC flux diffuses 

towards the injection point and approximately, half of its diffusion with DOC 

concentration increases with increasing time. The balance of back and forward 

of DOC flux that either diffuses towards or away from the injection point and 

with the balance of increasing and decreasing DOC concentration with time, these 

observations could be used to indicate the onset of diffusion system stabilization 

in which it showed a lower DOC concentration (Fig. 3) and a lower diffusion 

coefficient with less fluctuation in values. 

 An average diffusion coefficient of 1.2 x 10-2 m2 s-1 (± 9.3 x 10-3) at 0 minute, 

it gradually decreases to an average of 1.1 x 10-4 m2 s-1 (± 7.4 x 10-5) at 120 

minutes. At 0 minute, diffusion coefficient was the highest with respective 1.9 x 

10-2 and 2.1 x 10-2 m2 s-1 at 3 and 6 cm. This was caused by a high concentration 

gradient that generates greater DOC flux at the early stage of DOC injection. A 

negative diffusion coefficient of D
9cm,0mins

 and D
12cm,0-30mins

 was due to its respective 

types C and D (concaves downwards) of C- x  curves which generates negative 

value on the second derivative of C with respect to x  (i.e., d2C/dx2= -1 ) (see Fig. 

5). For D
3cm,30mins, 

and D
12cm,120mins

, the negative diffusion coefficient was due to the 

decreasing DOC flux with time which generates negative value on concentration 

rate (i.e., dC/dt = -1 ), whereas at D
6cm,120mins

 it was caused by its type D of C - x  

curves.

CONCLUSIONS

Diffusion of molasses in porous medium (sand) dynamically varies in space and 

time. The fluctuation of DOC concentration in space and time causes  fluctuation of 

diffusion coefficient which was apparently observed from the calculated diffusion 

coefficient obtained from second Fick’s law. The injected DOC has gone through 

a rapid random motion which causes a quick jump in DOC concentration at the 

initial 30 minutes of diffusion and gradually decreasing the DOC concentration in 

E.G. Goh & I. Athira
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the remaining time, before stabilizing at the last 15 to 30 minutes of diffusion. The 

proposed four types of C - x curve appeared sufficient in classifying the relation of 

concentration and distant from the injection point. Types A and D were the most 

dominant C - x curves in the current laboratory scale diffusion system and it is 

limited to the observation of 120 minutes and to a maximum of 12 cm observation 

distance from the injection point.    
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